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On Spin 1/2 Excitations in Ne`el ordered 2 + 1 D Antiferromagnets: Skyrmions in the
O(3) Nonlinear Sigma Model
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We show that despite the absence of a Hopf term and zero Berry phase terms, the Ne`el ordered
phase of 2 + 1 D quantum antiferromagnets have spin 1/2 excitations, i.e. spinons. The spinons
are skyrmion excitations of a topological nature. Since skyrmion gap is proportional to the spin
stiffness, quantum criticality corresponds to skyrmion gap collapse. We speculate that skyrmions
are relevant at criticality and are, perhaps, related to recent suggestions of critical fractionalization.
PACS numbers: 75.10.-b,75.40.Cx,75.40.Gb,75.40.-s
It has been known for some time that 2+1 dimensional
short-range Heisenberg antiferromagnets in a bipartite
lattice,
H =
∑
<ij>
J ~Si · ~Sj , (1)
with J > 0 and the sum < ij > is over nearest neighbor
pairs, are described by a relativistic field theory[1, 2]: the
O(3) nonlinear sigma model augmented by Berry phases
Z =
∫
D~nδ(~n2 − 1)eiA (2)
A = −SB − 1
2
∫ tf
ti
dt
∫
d2~xρs
[
(∂~x~n)
2 − 1
c2
(∂t~n)
2
]
.
(3)
where ρs ≡ JS2/~ is the spin stiffness, and the spin-wave
velocity c = 2
√
2JSa/~ with a being the lattice constant.
The Berry phase terms are
SB =
S
~
∑
i
ǫi
∫ tf
ti
dt
∫ 1
0
du~ni ·
(
∂~ni
∂u
× ∂~ni
∂t
)
. (4)
We use a a square spatial lattice as regulator and we
divide it in sublattices A and B of even and odd sites
respectively. ǫi is 1 in sublattice A and −1 in sublattice
B. The Berry phase terms represent the sums of the ar-
eas swept by the vectors ~ni(t, u) on the surface of a unit
sphere as u evolves it from (0, 0, 1) to ~ni(t), and then
~ni(t) evolves in time from its direction at t = ti to the
direction at t = tf . This area corresponds to the solid an-
gle subtended by ~n on the “so-called” n-sphere it defines
and does not depend on u as it is a geometrical invariant.
Forgetting the Berry phase terms for the moment,
the O(3) nonlinear sigma model action (3) has a clas-
sical “ground state” or lowest energy state with Ne`el or-
der. The “ground state” is a solution of the Lagrange
equations of motion for the nonlinear sigma model cor-
responding to a constant vector which we chose to be
~n = (0, 0,−1). The action supports spin waves or Gold-
stone excitations of arbitrary low energy which are time
dependent solutions of the linearized equations of motion.
The equations of motion also have static configurations,
solitons, of finite energy
E =
ρs
2
∫
d2~x(∂i~n)
2 = 4π~ρs . (5)
These solitons, first discovered by Skyrme[3], are of a
topological nature as they are characterized by the inte-
ger winding number
q =
1
8π
∫
d2xǫij~n · (∂i~n× ∂j~n) . (6)
These configurations consist in the order parameter ro-
tating an integer number of times as one moves from in-
finity toward a fixed but arbitrary position in the plane.
Since two dimensional space can be thought of as an in-
finite 2 dimensional sphere where the magnetic moments
live, the excitations fall in homotopy classes of a 2D
sphere into a 2D sphere: S2 → S2. These topological
configurations, skyrmions, are thus defined by the num-
ber of times they map the 2D sphere into itself as origi-
nally noticed by Belavin and Polyakov[4]. Skyrmions are
disordered at finite length scales but relax into the Ne´el
state far away: lim|~x|→∞ ~n = (0, 0,−1). Skyrmions thus
come with a directionality given by the direction of the
Ne`el order they relax to at infinity.
When one quantizes a classical theory, exact solutions
of the equations of motion correspond to eigenstates of
the system. Goldstone or spin-waves are thus the low-
energy excitations of the Ne`el ordered phase of the non-
linear sigma model. Skyrmion configurations are also so-
lutions of the equations of motion. There are also travel-
ing skyrmions, i.e. time dependent solutions correspond-
ing to skyrmions, obtained from the static skyrmion by
Lorentz transforming as the nonlinear sigma model is
Lorentz invariant. Thus skyrmions behave as excitations
of the Ne`el ordered phase and will disperse as solitons be-
have as quantum particle eigenstates of field theories[5].
2It has been known since the work ofWilczek and Zee[6],
WZ, that if we define the space-time current
Jµ =
1
8π
ǫµνσ~n · ∂ν~n× ∂σ~n , (7)
it is conserved (∂µJ
µ = 0) and that the charge associated
with it is our topological charge: q =
∫
d2xJ0. Thus q
is a conserved quantum number. The conserved charge
is called the skyrmion number. Since ∂µJ
µ = 0, we can
define a gauge potential such that
Jµ = ǫµνσ∂νAσ =
1
2
ǫµνσFνσ . (8)
WZ showed that if we modify the nonlinear sigma model
action without Berry phases by adding a term propor-
tional to the Hopf invariant
∆A = − θ
2π
∫
d3xAµJ
µ = − θ
4π
∫
d3xǫµνσAµFνσ , (9)
this increases the angular momentum of the skyrmion by
θ
2π and skyrmions acquire an extra factor of (−1)θ/π.
In the early days of high temperature superconduc-
tivity, this lead several authors[7] to propose that the
effective low energy physics of 2 + 1 D Heisenberg anti-
ferromagnets is a nonlinear sigma model augmented by
such a Hopf term with θ = π. Thus it was concluded
that Heisenberg antiferromagnets have spin 1/2 excita-
tion, i.e. spinons. According to WZ these spinons would
be fermionic. Soon afterwords it was shown[1, 8] that the
effective low energy physics of 2 + 1 D Heisenberg anti-
ferromagnets is a nonlinear sigma model augmented by
Berry phase terms (4) but no Hopf term. Moreover the
Berry phase terms were shown to be zero[1, 8] if the Ne`el
order parameter is continuous as the contributions from
each sublattice cancel. Thus such Berry phase terms are
important only in the disordered phase[9]. In the present
work we show that despite the absence of Berry phase
and Hopf terms in the ordered phase of the 2+ 1 D non-
linear sigma model, the skyrmion configuration has spin
1/2. Therefore Heisenberg antiferromagnets have spinon
excitations which are gapped in their ordered phase and
these contribute to the physics of the system at energy
scales larger that the skyrmion gap, 4π~ρs.
A very useful way of describing the O(3) nonlinear
sigma model is through the stereographic projection[4,
10]:
n1 + in2 =
2w
|w|2 + 1 n
3 =
1− |w|2
1 + |w|2 w =
n1 + in2
1 + n3
. (10)
In terms of w the nonlinear σ-model Lagrangian is
L =
2
g
∫
d2x
∂µw∂µw
∗
(1 + |w|2)2 =
2
g
∫
d2x
∂0w∂0w
∗ − 2∂zw∂z∗w∗ − 2∂z∗w∂zw∗
(1 + |w|2)2 , (11)
where z = x + iy and z∗ = x − iy is its conjugate, and
1/g = ρs. The classical equations of motion which follow
by stationarity of the classical action are
✷w =
2w∗
1 + |w|2 ∂
µw∂µw or (12)
∂20w − 4∂z∂z∗w =
2w∗
1 + |w|2
[
(∂0w)
2 − 4∂zw∂z∗w
]
(13)
The quantum mechanics of the O(3) nonlinear sigma
model is achieved either via path integral or canonical
quantization. The last is performed by defining the mo-
menta conjugate to w and w∗, by
Π∗(t, ~x) ≡ δL
δ∂0w(t, ~x)
, Π(t, ~x) ≡ δL
δ∂0w∗(t, ~x)
, (14)
and then imposing canonical commutation relations
among the momenta and coordinates. The Hamiltonian
is then given by
H =
∫
d2x (Π∗ · ∂0w +Π · ∂0w∗ − L)
=
∫
d2x
[
g
2
(1 + |w|2)2Π∗Π+ 4(∂zw∂z∗w
∗ + ∂z∗w∂zw
∗)
g(1 + |w|2)2
]
.
(15)
The Heisenberg equations of motion that follow from this
Hamiltonian, when properly ordered, are identical to the
classical equations.
We remind the reader that classically the lowest energy
state is Ne`el ordered for all g <∞, i.e. the spin stiffness,
ρs, is never zero. Quantum mechanically the situation
is different. In 2 + 1 D and higher dimensions, quantum
mechanical fluctuations cannot destroy the Ne`el order for
the bare coupling constant less than some critical value
gc[11, 12]. At gc the renormalized long-distance, low-
energy coupling constant diverges[11, 12], i.e. the system
loses all spin stiffness. At such a point quantum fluctu-
ations destroy the Ne`el order in the ground state as the
renormalized stiffness vanishes.
Linearization of the equations of motion leads to the
low energy excitations of the sigma model (magnons in
the Ne`el phase and triplons in the disordered phase) when
quantized. We now turn our attention to the Ne`el or-
dered phase. When the system Ne`el orders, ~n, or equiv-
alently w, will acquire an expectation value:
〈na〉 = −δ3a ,
〈
1
w
〉
= 0 . (16)
where we have chosen the order parameter in the
−3−direction as it will always point in an arbitrary,
but fixed direction. Small fluctuations about the order
parameter, 1/w = ν, are the magnon or Goldstone
excitations of the Ne´el phase. Its linearized equations of
motion are
✷ν = 0 , ∂20ν − 4∂z∂z∗ν = 0 . (17)
3Thus small amplitude excitations of the Ne`el phase have
relativistic dispersion that vanishes at long wavelengths
as dictated by Goldstone’s theorem[13]. The magnons
are of course spin 1 particles. They have only 2 polariza-
tions as they are transverse to the Ne`el order.
The nonlinear sigma model possesses time independent
skyrmion solutions of a topological nature[4, 6, 10]. The
skyrmion number in terms of the stereographic variable,
w, is
q =
i
2π
∫
d2x
ǫij∂iw∂jw
∗
(1 + |w|2)2
=
1
π
∫
d2x
∂zw∂z∗w
∗ − ∂z∗w∂zw∗
(1 + |w|2)2 .
(18)
The skyrmion space-time current is given by
Jµ =
i
2π
ǫµνσ∂νw∂σw
∗
(1 + |w|2)2 . (19)
From the expressions for the charge q and for the Hamil-
tonian, it is easily seen[4, 10] that E ≥ 4π|q|/g. We see
that we can construct skyrmions with q > 0 by imposing
the condition ∂z∗w = 0, that is w is a function of z only.
Since the magnetization, ~n or w, is a continuous function
of z, the worst singularities it can have are poles. The
skyrmions will have a location given by the positions of
the poles or of the zeros of w. Far away from its posi-
tion, the field configuration will relax back to the original
Ne`el order. Therefore we have the boundary condition
w(∞) =∞, which implies
w =
1
λq
q∏
i=1
(z − ai) . (20)
This configuration can easily be checked to have charge
q and energy 4πq/g. λq is the arbitrary size and phase
of the configuration and ai are the positions of the
skyrmions that constitute the multiskyrmion configura-
tion. The energy is independent of the the size and
phase due to the conformal invariance of the configu-
ration. We remark that since the multiskyrmions en-
ergy is the sum of individual skyrmion energies, the
skyrmions do not interact among themselves[10]. Sim-
ilarly, the multiantiskyrmion configuration can be shown
to be w = 1(λ∗)q
∏q
i=1(z
∗−a∗i ) with charge −q and energy
4πq/g.
We have just studied the skyrmion and antiskyrmion
configurations which relax to a Ne`el ordered configura-
tion in the −3 direction far away from their positions. We
shall call them −3-skyrmions. The skyrmion direction is
given by the boundary conditions as z → ∞. For exam-
ple, (z−a)/λ gives na(∞) = −δ3a, so it is a −3-skyrmion.
The +3-skyrmion is λ/(z − a). The +1-skyrmion is
(z − a)/(z − b). The −1-skyrmion is −(z − a)/(z − b).
The +2-skyrmion is i(z−a)/(z− b). The −2-skyrmion is
−i(z−a)/(z− b). Because of the rotational invariance of
the underlying theory, they are all kinematically equiv-
alent. They are not dynamically equivalent since a Ne`el
ordered ground state has skyrmions and antiskyrmions
corresponding to its ordering direction as excitations.
We next map the ±3-skyrmions into | + z〉 and | − z〉
SU(2) spins and show that we can define a superposi-
tion law by multiplication of the configurations, such that
they satisfy the spin 1/2 SU(2) superposition law. We
map
λ
z − b ⇐⇒ |+ z〉 ,
z − a
λ
⇐⇒ | − z〉 (21)
We map multiplication by a complex constant α of the
SU(2) spins into the skyrmions via λ → λ/α, i.e. by
changing the skyrmion size:
α|+ z〉 ⇐⇒ λ
α(z − b) , α| − z〉 ⇐⇒
α(z − a)
λ
(22)
If we superpose the +3-skyrmion with the −3-skyrmion
we obtain
1√
2
(|+ z〉+ | − z〉)⇐⇒ z − a
z − b (23)
The last is a +1-skyrmion, which maps into |+ x〉. The
skyrmions obey the spin 1/2 addition rule (| + z〉 + | −
z〉)/√2 = | + x〉. If we superpose the +3-skyrmion with
the negative of the −3-skyrmion we obtain
1√
2
(|+ z〉 − | − z〉)⇐⇒ −z − a
z − b (24)
The last is a −1-skyrmion, which maps into | − x〉. The
skyrmions obey the spin 1/2 addition rule (| + z〉 − | −
z〉)/√2 = | − x〉. If we superpose the +3-skyrmion with
i times the −3-skyrmion we obtain
1√
2
(|+ z〉+ i| − z〉)⇐⇒ i z − a
z − b (25)
The last is a +2-skyrmion, which maps into |+ y〉. The
skyrmions obey the spin 1/2 addition rule (| + z〉+ i| −
z〉)/√2 = | + y〉. If we superpose the +3-skyrmion with
−i times the −3-skyrmion we obtain
1√
2
(|+ z〉 − i| − z〉)⇐⇒ −i z − a
z − b (26)
The last is a −2-skyrmion, which maps into | − y〉. The
skyrmions obey the spin 1/2 rule addition (| + z〉 − i| −
z〉)/√2 = | − y〉.
The O(3) invariance of the sigma model implies that
superpositions of the +1 and −1 skyrmions, and +2 and
−2 skyrmions, also satisfy the spin 1/2, SU(2) super-
position law. This follows since we could have chosen
our stereographic projection for w in terms of ~n so that
the skyrmions that look simple are the 1 or 2-skyrmions
4instead of the 3-skyrmions. Similarly we obtain that an-
tiskyrmions obey the spin 1/2 SU(2) superposition law.
This implies that skyrmions and antiskyrmions carry spin
1/2. This is surprising as the 2 + 1 D nonlinear sigma
model has no Berry phase terms in its ordered phase and
has no Hopf term if obtained from the Heisenberg Hamil-
tonian as considered here.
In order to add weight to our conclusion the Ne`el phase
of 2 + 1D Antiferromagnets has spin 1/2 topological ex-
citations we point out that the spin of an object is deter-
mined by its rotational properties. We thus take a look at
the properties of skyrmions under rotations. If we have
a vector in the +z direction and rotate it by an angle −θ
around the +x direction we finish with a vector along the
direction sin θyˆ + cos θzˆ. The corresponding rotation for
half integral SU(2) spins is given by
|ξ〉 ≡ eσxθ/2 |+z〉 = cos
(
θ
2
)
|+z〉+i sin
(
θ
2
)
|−z〉 (27)
According to the map of the SU(2) spins into skyrmions,
we see that we have to superpose
cos
(
θ
2
)
|+ z〉 ⇐⇒ λ
(z − b) cos (θ/2)
i sin
(
θ
2
)
| − z〉 ⇐⇒ i sin (θ/2) (z − a)
λ
(28)
to obtain
|ξ〉 ⇐⇒ i tan
(
θ
2
)
z − a
z − b . (29)
The skyrmion direction is defined by its direction as
z →∞. We easily see that w(∞) = i tan(θ/2). From the
stereographic projection (10) we get that the skyrmion
has direction n1 + in2 = i sin θ, n3 = cos θ or ni =
〈ξ|σi|ξ〉, exactly the rotational properties of a spin 1/2
object.
That skyrmions and antiskyrmions have spin 1/2 can
be understood from intuitive but correct reasoning. Since
magnon excitations have zero skyrmion number and
skyrmion number is conserved, a magnon of nonzero en-
ergy will have a nonzero matrix element for decay into
equal number of skyrmions and antiskyrmions. Con-
sider a magnon with energy above the threshold for de-
cay into one skyrmion and one antiskyrmion, but below
the threshold for decay into larger numbers of skyrmions
and antiskyrmions. Since a magnon has spin one and the
skyrmion and antiskyrmion into which it decay can be
in an S-wave state, the skyrmion and antiskyrmion must
have spin 1/2 by conservation of angular momentum.
Therefore, skyrmions and antiskyrmions carry half in-
tegral angular momentum, i.e. they are spinons. We see
that the 2+1 D O(3) nonlinear sigma model in its ordered
phase has excitations with spin 1/2 despite the absence
of Hopf or Berry phase terms. This conclusion is inde-
pendent of whether the microscopic spins are integral or
half-integral.
Since the skyrmion gap is proportional to the spin stiff-
ness which vanishes at the quantum critical point where
Ne`el order is lost, spinon gap collapse corresponds to crit-
icality. So for nearly critical[12] but ordered 2 + 1 D
quantum antiferromagnets at energies and temperatures
larger than the skyrmion or spinon gap (which will be
quite small as it is proportional to the spin stiffness),
we expect the physics and thermodynamics to have im-
portant contributions from the spinon fluctuations. This
is perhaps the reason why spinon phenomenology works
for underdoped cuprates as they are nearly critical and
nearly 2 + 1 D[12]. More importantly, it has recently
been proposed that there are new degrees of freedom at
quantum critical points[14, 15], that these critical excita-
tions will be fractionalized, and that for 2+1 D they will
be spinons. We suggest that the skyrmions or spinons of
the ordered phase are related to these critical spinons be-
cause they carry the same quantum numbers and because
the quantum critical point corresponds to skyrmion gap
collapse.
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